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Direct observation of the temporal and spatial
dynamics during crumpling
Hillel Aharoni and Eran Sharon *
Crumpling occurs when a thin deformable sheet is crushed
under an external load or grows within a confining geometry.
Crumpled sheets have large resistance to compression and
their elastic energy is focused into a complex network of
localized structures1 . Different aspects of crumpling have been
studied theoretically2,3 , experimentally4,5 and numerically6,7 .
However, very little is known about the dynamic evolution of
three-dimensional spatial configurations of crumpling sheets.
Here we present direct measurements of the configurations of a
fully elastic sheet evolving during the dynamic process of crumpling under isotropic confinement. We observe the formation of
a network of ridges and vertices into which the energy is localized. The network is dynamic. Its evolution involves movements
of ridges and vertices. Although the characteristics of ridges
agree with theoretical predictions, the measured accumulation
of elastic energy within the entire sheet is considerably slower
than predicted. This could be a result of the observed network
rearrangement during crumpling.
In the process of crumpling, an initially flat sheet is increasingly
confined, resulting in its deformation. This deformation
incorporates bending and stretching of the sheet, the energy of
which is given by elastic plate theory. Crumpling is an example
of an energy focusing behaviour: certain confining geometries,
including isotropic ones, lead to the nucleation of geometrical
defects within the sheet. For an ideally elastic, infinitely thin
sheet, the energy density within these defects diverges. For any
physical sheet, it is regularized by sheet thickness, grain size or
plasticity effects. By studying crumpling at a macroscopic scale,
we can gain insight into the dynamics and evolution of energy
focusing and the regularization of these singularities. Crumpling
also demonstrates the transition of a deterministic system into a
complex state, which is typically not its global energy minimum and
is characterized only by its statistical properties. A simplification
to the elastic problem which enables theoretical progress assumes
that all the energy of the sheet is stored in localized high energy
structures in the form of vertices and ridges1 . To estimate the
total elastic energy we need to know the energy within a single
stress focusing structure, and the distribution of these structures.
Previous theoretical and experimental works have investigated the
focusing properties of isolated ridges3,8 and vertices (d cones)9,10 .
The statistics of the ridge ensemble were calculated on the
basis of a ridge-breaking scenario: as confinement increases new
vertices are nucleated within existing ridges, dividing them into
smaller ridges11 .
Experimental verification of the theoretical predictions is partial.
In most experiments materials were not purely elastic, resulting
in localization of plastic deformation in ridges and cones. Such
plastic ‘scars’ were used to retrospectively analyse patterns in
opened crumpled sheets4,12 . However, the actual three-dimensional
(3D) configuration of a crumpled sheet was never measured.
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Mechanical and geometrical properties of the crumpled state were
deduced indirectly from force5 , pressure13 or acoustic emission
measurements14,15 . The accumulation of energy as a function of
confinement was found to be slower than theoretically predicted5 .
Friction and plasticity were suggested as possible origins for
this effective softness of the crumpled state. Recent numerical
simulations provided some insight as for the actual configuration
of a crumpled sheet, with and without plasticity6,7 . Interestingly, it
was found that, as in ref. 5, the accumulation of elastic energy was
slower than was predicted theoretically. The origin of this effective
softness is a key question in crumpling.
We make direct real-time measurements of the geometry of
weakly crumpled sheets in 3D space and associate it with the
material (Lagrangian) coordinates. These are measured in an
elastic sheet as it crumples under isotropic confinement. We use
temperature-responsive elastic gel sheets that controllably swell
inside a fixed boundary, rather than fixed-size sheets that are
placed inside a collapsing boundary. Gel discs of initial thickness
h0 = 130 µm and diameter L0 = 5 cm are inserted into a hollow glass
sphere (Fig. 1), which provides the rigid-spherical-confinement
conditions. The sphere is filled with water, which is density
matched with the gel to eliminate gravitational effects, and is
placed inside a temperature-controlled tank. The sheet initially
adopts an approximately flat configuration. We then slowly cool
down the tank (∼1 ◦ C h−1 ). As the sheet is cooled down its
diameter gradually increases, thus exceeding the inner diameter of
the sphere, forcing the sheet to start crumpling. The compaction
ratio η ≡ L/Ls (ratio between the sheet’s rest diameter L and
the sphere’s diameter Ls ) is increased to ηmax ≈ 1.6. Owing to
the gel’s isotropic expansion, the Föppl–von Kármán number
γ ≡ (L/h)2 = (L0 /h0 )2 ≈ 1.5 × 105 remains constant. Our sheets
are polymerized together with yellow fluorescent powder and red
fluorescent beads. The homogeneous distribution of the powder
makes the gel fluorescent. The beads are embedded within the sheet
and remain at fixed positions within it, thus serving as Lagrangian
tracers during crumpling. As the sheet swells we repeatedly scan
it using laser tomography, obtaining its 3D configuration from
the gel fluorescence. In addition, we obtain the 3D positions of
individual tracers embedded in the gel. As we also have the initial
two-dimensional (2D) Lagrangian coordinates of each tracer, these
data enable us to calculate the embedding function of the sheet
for each η (see Methods). Using these embedding functions we
calculate the local metric and the local mean (H ≡ (1/2)(κ1 + κ2 ))
and Gaussian (K ≡ κ1 κ2 ) curvatures (κ1 and κ2 are the local
principal curvatures). The elastic-bending-energy density is given
by εb ∝ Yh3 β where Y is Young’s modulus and β ≡ 4H 2 − K
the bending content density. This relation holds for a constant
Poisson ratio of 1/2, which is applicable inR our case. The
R total
bending energy of the sheet is given by Eb = εb d2 x = YhR3 βd2 x.
The dimensionless scale-invariant bending content B = βd2 x is
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Figure 1 | Experimental system. a, Top view. A gel sheet is placed inside a
glass spherical shell, immersed in a temperature-controlled tank, and
illuminated by a moving laser plane. b, The sheet contains fluorescent
powder and tracer particles that emit light (yellow and red respectively) at
the intersection curve of the sheet and the laser plane. Images of multiple
slices are captured by a co-moving camera. The 3D configuration of the
sheet is reconstructed using the (yellow) fluorescence induced in the gel.
The positions of the individual (red) tracers embedded in the gel provide a
Lagrangian coordinate system (see Methods).

proportional to the total bending energy, but is determined only by
the geometry of the sheet, and can therefore be calculated directly
from the embedding function.
In Fig. 2 we see the evolution of a single crumpling sheet.
The figure shows the 3D shape of the sheet (left) at increasing
compaction ratios (see also Supplementary Movie S1). Also
shown are the bending-content density (centre) and the Gaussian
curvature distribution (right) in 2D Lagrangian coordinates, in
units of Ls −2 (Ls is the sphere’s diameter). As the sheet is
confined, the initial flat configuration (top) evolves into an
increasingly complex 3D configuration (bottom). Despite the
isotropy and homogeneity of the experiment, energy is localized
into a network of narrow structures (centre column; note the
logarithmic colour scale). These structures are comprised of
ridges and vertices, indicating the existence of a crumpled state
even at these low confinement ratios. The Gaussian curvature
(right-hand column) is localized mainly at isolated spots at
the vertices. Localized regions of positive Gaussian curvature
(red) are accompanied by regions of negative Gaussian curvature
(blue), forming ‘curvature dipoles’. This local compensation
of curvature was also observed in simulations of a single
d cone16 . The development of the stress-focusing network involves
rich dynamics; it includes movement and disappearance of
distinct stress foci (for example marks 1 and 2 in Fig. 2), as
well as variations in the strength of existing structures. We
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Figure 2 | Evolution of crumpling. 3D configuration of the crumpling sheet
(left), bending-content density, β (centre), and Gaussian curvature
distribution (right), viewed in the disc (Lagrangian) coordinates, at
increasing compaction ratios (η ≡ L/Ls ). 1 and 2 mark specific vertices
whereas 3 marks a ridge (see the text). Both colour bars are in units of Ls −2 .

suggest that such rearrangement is an important process in
crumpling of elastic sheets.
We turn to examine the characteristics of energy focusing within
the individual objects that compose the network. We look at the
relation between values of bending-content density β and the
area fraction φ (from a selected region) that contains such energy
density or higher17 . Focusing profiles of β ∝ φ −1 and β ∝ φ −0.8
were predicted for a single isolated vertex and ridge respectively.
Additionally, cutoffs for both low and high area fractions were
predicted and observed numerically17 . We plot the focusing profiles
for ridge-like and cone-like structures within the sheet (Fig. 3a). For
the ridge structure the focusing profile is well described by a power
law β ∝ φ −0.8±0.1 , which is consistent with theoretical predictions.
The scaling spans over 1.5 decades, with the anticipated cutoffs. For
the cone structure the behaviour does not seem to obey a power law;
nevertheless, the focusing profile is steeper than that of the ridge.
We now turn to examine the focusing profile of the entire
sheet. In Fig. 3b we show the bending-energy-density profiles for an
entire sheet in different compaction ratios. The power-law regime
of the profile widens with increasing compaction ratio, penetrating
more and more into the low-fraction regime. This is a first direct
quantitative measurement of energy focusing in a crumpling sheet.
The profiles seem to approach an asymptotic power-law behaviour
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Figure 4 | Accumulation of bending content during compaction.
The log–log plot shows the bending content in the sheet as a function of
compaction ratio for four different experiments under the same conditions.
Solid black lines show η5 (theoretical prediction) and η3 scaling for
comparison. The ‘jump’ in the blue curve at η ≈ 1.45 is a result of a
ridge-breaking event.
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Figure 3 | Bending-content-density profiles. a, Profiles for the region
around a vertex (blue curve) and around a ridge (green curve). The
highlighted parts on the 3D surfaces show the regions of interest. The solid
black line is the theoretically predicted relation for an isolated ridge.
b, Profiles of the entire sheet for increasing (equally spaced) compaction
ratios (blue to red). The profiles approach −0.8 scaling for increasing η.

with a power of approximately −0.8, as in the case of a single ridge.
This provides an extra indication of the dominant role of ridges
in the focusing of energy during crumpling1 . This dominancy is
already apparent in low compaction ratios.
Next we examine the accumulation of bending energy in an
increasingly confined sheet. Theoretically derived scaling relations
for the energy1 translate to B = γ a ηb for the (dimensionless)
bending content B. Here γ ≡ (L/h)2 and η ≡ L/Ls are the sheet’s
Föppl–von Kármán number and compaction ratio respectively. The
theoretical analysis predicts a = 1/6 and b = 5 for self-avoiding
sheets in the highly confined regime. In our experiment B is directly
measured and γ is constant.
The dependence of the bending content on the compaction
ratio η is shown in Fig. 4 for four selected experiments. As the
crumpling sheet is not in a global minimal-energy state, different
experiments result in different curves. All curves, however, exhibit
an accumulation rate that is significantly slower than the predicted
B ∝ η5 (shown in the figure). The data are best fitted by a B ∝ η3±0.2
relation, starting at compaction ratios as low as η ≈ 1.1. This
is consistent with recent numerical simulations6,18 , which have
reported a relation B ∝ η3 (shown in the figure) for isotropic
confinements over a large range of compaction ratios, starting
at low compaction ratios as in our experiments. Measurements
corresponding to an exponent of b ∼ 2.5 were reported for a mylar

sheet crushed by a piston5 , where it was suggested that plastic effects
could be the origin of the deviation from the theoretical predictions.
Our experiments show that, even for elastic sheets under isotropic
confinement, conditions that are similar to those assumed by the
theoretical analysis, crumpled sheets are much softer than they are
theoretically predicted to be.
We have already shown that the energy is indeed contained
mainly in ridges, and that theory correctly predicts the energy
focusing within each of them (Fig. 3). Nevertheless, the theory
overestimates the accumulation of energy within the entire sheet.
Theoretical analysis of crumpling evolution often assumes that
the network is frozen and only refines as compaction is increased
(hierarchical breaking)11 . We have already pointed out (Fig. 2) that
the network is dynamic rather than frozen. We thus turn to analyse
the dynamics within the sheet during crumpling. In Fig. 5a we
present the bending-content density at four (Lagrangian) points as a
function of compaction ratio. Some of the points undergo phases of
decrease in their local bending-content density. This demonstrates
that, during compaction, there is a rich spatial and temporal
dynamics; existing objects move or fade and their motion gives rise
to violent fluctuations in the local energy density. To learn how this
dynamics affects the evolution of the crumpled state we need to
measure the local energy variations and characterize their statistics.
Although for the whole sheet (Fig. 4) the energy accumulation
exponent y ≡ (d(logB))/(d(logη)), B ∝ ηy , is positive and constant,
from Fig. 5a it is evidently not so locally. To gain insight into
the length scales related to the rearrangement processes we
analyse the evolution of the bending content Br enclosed within
regions of different sizes r. We compute the local rate of change
yr ≡ (d(logBr ))/(d(logη)) for 2,000 randomly selected windows of
radius r (in Lagrangian coordinates) from the power-law regime
(1.1 < η < 1.4). Probability distribution functions of yr for different
window sizes r are shown in Fig. 5b. All distributions are shifted
towards positive values, as expected because the sheets are being
confined and thus continuously gain elastic energy. For small
window sizes the distributions are nearly symmetric and decay
slowly (roughly exponentially; see the inset). In addition, they
contain many negative values, indicating an abundance of local
relaxation processes. As the window size increases negative values
become rare and the probability distribution functions become
narrower and increasingly asymmetric. This indicates that the
relaxation processes are only local and do not involve relaxation
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Figure 5 | Local stress relaxation within the sheet. a, Bending-content
density at four different points on the sheet as a function of compaction
ratio. Events of local energy decrease can be seen. b, Probability
distribution functions of yr (local change rate of the bending content as a
function of η, within radius r) for three different radii (cross, 0.02; open
circle, 0.14; filled triangle, 0.52 of the sheet’s diameter). For smaller r the
occurrence of negative values of yr increases, reflecting the local nature of
energy rearrangement and relaxation within the sheet. Inset, A semi-log
plot. For smaller r the distribution’s decay is roughly exponential.

of the entire sheet. The underlying dynamics may involve both
movement of energy foci and changes in their strength. For
example, in Fig. 2 the vertex marked 1 significantly weakens whereas
vertex 2 strengthens. Simultaneously, the location of ridge 3 varies
as the sheet crumples. Although the movement of energy foci was
previously observed in an elastic sheet under a point load19–21 , we
know of no such observations in a crumpled sheet. We note that
these rearrangements and movements are expected to be repressed
in the presence of plasticity.
In conclusion, we have presented direct measurements of the
dynamics of crumpling of an isotropically confined elastic sheet.
We have shown that the bending-energy distribution within a
single ridge is consistent with theoretical predictions, and that
the energy distribution in the entire crumpled sheet becomes
ridge dominated early in the crumpling process. The accumulation
of bending energy with increasing confinement is slower than
predicted by theoretical models of crumpling, indicating ‘softness’
of the crumpled state. Finally, we have shown that the evolution of
a crumpled state involves extensive movement and rearrangement
of energy foci. These elastic processes allow for local energy
relaxation that can partly account for the softness of the system. Our
experiment suggests that crumpling can be studied as an evolving
system in which defect rearrangement, and not just nucleation,
plays an important role.
996

We use elastic thermo-responsive hydrogel discs made of polymerized
N -isopropylacrylamide with nanoclay composites22 . The sheet is of initial
(at 35 ◦ C) diameter L0 = 5 cm and thickness h0 = 130 µm. The sheet is seeded with
red fluorescent beads of 107 µm diameter, and evenly dyed with yellow fluorescent
powder. The sheet is inserted into an LS = 5.5-cm-diameter hollow glass sphere
filled with water, which is density matched to the gel by addition of 4% sodium
polytungstate. The glass sphere is immersed in a temperature-regulated water
bath. The system is cooled from 35 ◦ C at a rate of ∼1 ◦ C h−1 to 25 ◦ C, resulting
in the sheet’s swelling and hence crumpling. The maximal compaction ratio
(at 25 ◦ C) is ηmax ≈ 1.6.
Tomography of the sheet’s 3D configuration is carried out using a green
(532 nm Nd:YAG) laser plane, which illuminates a series of ∼250 parallel slices
(with ∼250 µm spacing) of the sphere. Each full scan lasts ∼30 s, much shorter
than the typical timescale for configuration changes under the applied cooling
rate. The fluorescent scattering from each slice is captured by a co-moving 5 MP
colour camera that is positioned perpendicularly to the laser plane. We use a sharp
low-pass filter that blocks the wavelength of the laser. The fluorescence is captured
by the camera and the bead (red) and powder (yellow) signals are extracted from
its different colour channels.
The 3D shape of the entire surface is obtained from the tomogram of the
fluorescent gel sheet. However, the type of analysis we wish to apply requires
identification of the material (Lagrangian) coordinates on the sheet. This we acquire
using the data from the beads; the typical distance between beads (∼3 mm) is larger
than the maximum displacement of individual beads between consecutive scans,
thus enabling 3D particle tracking of the beads (approximately 200 beads) from
the initial flat configuration. In the flat configuration we easily assign 2D material
coordinates to each particle, which remain the same throughout the measurement
because the particles are entrapped within the gel. We thus identify the position
in 3D space of each set of 2D material coordinates at each η. The 2D coordinate
network is further refined by interpolating (using surface geodesics) between points
of known Lagrangian coordinates, thus giving us a fine (≈100×100 grid) 2D → 3D
mapping of the sheet at each η.
The mapping which identifies each set of material coordinates with its actual
position in space is known as the embedding function. The embedding function
contains all the information regarding the deformation of the sheet. We use the
embedding function to calculate the metric, bending scalars and bending-energy
density, and assign them to the appropriate 2D material coordinates. This enables
both detection of object movement on the sheet and assignment of an appropriate
measure to each area element for correct integration of local quantities.
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